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Abstract 



The Shape invariant method has the algebraic structure and its algebras are infinite-dimensional. 
These algebras are converted into finite-dimensional under conditions. Based on the property of this 
Oh method we obtain the algebraic structure of some physical potentials in the s-wave Klein-Gordon 

■ equation with scslar and vector potential which satisfy the Shape invariant condition. 
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1 Introduction 



In recent years there has been an increasing interest in the study of relativistic wave equations, 
particularly, the Klein-Gordon equation [1, 2, 3, 4], because the solutions of this equation play a 
fundamental role in describing the relativistic effects in nuclear physics and high energy physics, and 
other areas. 

On the other hand, the super symmetry quantum mechanics and shape invariant method have an 
underly algebraic structure and the associated Lie algebras are shown to be infinite dimensional [5]. 
This method is an exact and elegant technique for determining the eigenvalues and eigenfunctions of 
quantum mechanical problems. Supersymmetry was first studied in the simplest case of supersym- 
metric quantum mechanics by Witten [6], Cooper and Freeman [7]. In 1983, the concept of shape 
invariant potential was introduced by Gendenstein [8], there has been considerable discussion in the 
literature of this technique and it has been applied to many of the solvable systems in quantum 
mechanics [7, 9]. It is well known that a potential is said to be shape invariant, if its supersymmetry 
partner potential has the same spatial dependence as the original potential with possibly altered 
parameters, and the corresponding Hamiltonian can be solved [2, 3, 7, 9, 10, 11]. 
In this Letter we utilize the approach of Balantekin [5] for shape invariant potentials. In section 2 
of this paper we provide a brief review of the shape invariance method and associated Lie algebra. 
In section 3 we represent the Klein-Gordon equation with equal scalar and vector five-parameter 
exponential-type potentials, then we show a large class of exponential- type potentials can be obtain 
by choosing the appropriate parameters in this potential. We show that the Lie algebra of five- 
parameter exponential-type potentials is su(l,l), then in the same process we determine the Lie 
algebra structure of Harmonic Oscillator with Heisenberg-Wely algebra, and Morse potential with 
su(l, 1) algebra in the Klein-Gordon equation. Finally, the conclusion is given in section 4. 

2 Supersymmetry quantum mechanics and algebraic formulation 
to shape invariance 

We note that supersymmetry method is based on the relation among the energy spectrum, energy 
eigenfunction and phase shift of the Hamiltonians associated with two supersymmetric partner po- 
tentials V-(x) and V + (x) [7]. Let us assume that the ground state energy being zero, namely, 

H.{x) = H{x) - E , (1) 

where Eq is the ground state energy of H(x), and introduce the following operators: 

A = 4z + W ^)^ it = -^ + ^)> (2) 
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where W(x) signifies the superpotential. From these two operators we can construct two partner 
Hamiltonians 

H- = AA = -^ + V-{x), (3) 
ax z 

H + = Ati = -^ + V + (x). (4) 
Since A annihilates the ground state 

Mo(x) = + W{x))^o{x) = 0. (5) 
The ground state wave function is obtained as: 

rx 

tpo{x) ~ exp(— / W(x)dx), (6) 
Jxq 

where xo is an arbitrarily chosen reference point. A super symmetric pair of potentials 

V ± (x;a 1 ) = W 2 (x;a 1 )±W'(x;a 1 ), (7) 

are called shape invariant if 

V + (x- ai ) = V-{x;a 2 ) + R(a 1 ), (8) 

meaning that two supersymmetric partner potentials have the same form, but are characterized by 
different values of parameters a\ and The remainder R(a\) is independent of x and the parameter 
a2 is a function of the parameter a\. So far two classes of shape invariant are studied and discussed, 
in one class the parameters are related to each other by a translation [12, 13] 

a 2 = ai+r] (9) 

and in second class they are related by a scaling [14, 15] 

a 2 = qa\. (10) 

In this paper we consider the translation case. We define an operator which transforms the parameters 
of partner potential [12] 

f(a 1 )0(a 1 )f- 1 (a 1 ) = 0(a 2 ), (11) 
where T(ai) and T _1 (ai) is as follows 

f (ai) = exp(r/— ), f-^ai) = ft(ai) = exp(-r?— ). (12) 

We introduce new operators in the following form to establish the algebraic structure 

B + = it( ai )f (ai), (13) 
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B_ = B\ = f\a 1 )A(a 1 ). (14) 
So the Hamiltonians of Eqs. (3), (4) can be written as 

H_ = iti = B + B_, H + = lit = f B-B+f f . (15) 

Eq. (8) can be written as a commutator 

[&-,£+] = f t(a 1 ) J R(a 1 )T(a 1 ) = R{a ), (16) 

where we defined 

a n = ai + (n - 1)?? (17) 

and we have used 

i?(a n ) = f(ai)i?(a n _i)ft(ai), (18) 

valid for any n. We defined the commutation relation (16) for determine the Lie algebra associated 
by the shape-invariant and also this equation shows that B_ and B + are the appropriate creation 
and annihilation operators for the spectra of the shape-invariant potentials provided that their non- 
commutativity with R{clq) is taken into account. The additional relations 

R(a n )B + = B+Rian-i), (19) 

R(a n )B- = B-R(a n+1 ) (20) 
which readily follow from Eqs. (13), (14), (18). One can show the following relations 

B_|Vo) =A\ 1 p ) = 0, (21) 

[H, Bl\ = (R( ai ) + R{a 2 ) + + R(a n ))Bl, (22) 

[H, B r l] = -B r l(R( ai ) + R{a 2 ) + .. + R(a n )), (23) 

meaning that B™\ipo) is an eigenstate of the Hamiltonian with the eigenvalue R(ai)+R(a2)+..+R(a n ). 
The normalized wavefunction is 

U n ) = — — 1 R I B+ — Rih/'n), (24) 

where IV'o) depends on x and parameter a\. It is easily to show the commutation relations 

[B+, R(a )} = (R( ai ) - R(ao))B+, (25) 

[B+, (R( ai ) - R(a ))B + ] = (R(a 2 ) - 2R(a{) + R(a ))B 2 + , (26) 

and so on. There is an infinite number of such commutation relations. If R(a n ) satisfy certain 
relations one of the commutators in this series may vanish. These commutation relations with their 
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complex conjugates form a Lie algebra with a finite number of elements. We know that for confining 
potentials the nth eigenvalue for large n obeys the constraint [16] 

E n < constant x n 2 . (27) 

We consider some potentials where have a finite algebra, for these potentials E n is as 

E n = un 2 + un + k, (28) 

where u, v, k are constants. By using Eq. (28) one can obtain 

R(a n ) =E n - E n -! = 2un + v- u (29) 

then we have 

R(a n ) - i?(a n _i) = 2u. (30) 

So, the Lie algebra is finite 

[B-,B+]=R(ao), [B_,R(a )} = -2 t xB_, [B+, R(a )\ = 2uB + . (31) 

For the case u = it is Heisenberg-Wely algebra, if \i ^ the algebra is either SU(1, 1) or SU(2) 
depends on the sign of u. The energy spectrum corresponding to H(x) can be derived from the 
shape-invariance conditions 

n 

E n = J2 R(*k) + E . (32) 
fc=i 

3 EXAPLES 

Now we would like to apply the discussion in the previous section for some potentials which satisfy 
the shape invariant condition, then we determine the Lie algebra of these potentials. 

3.1 Five-parameter exponential-type potential model 

The s-wave Klein-Gordon equation with scalar and vector potentials is (h = c = 1) [1] 

{§T2 + [ E ~ ~l M + S(r)] 2 }u(r) = 0, (33) 

where the radial wave function is R(r) = u(r)/r and M is the mass, E is the energy and S(r) 
and V(r) denote the scalar and vector potentials, respectively. If S(r) > V(r), there exists bound 
state solution. In the case of equal scalar and vector potentials, S(r) = V(r), Eq. (1) reduces to a 
Schrodinger-like equation 

d 2 

{-^2 + 2(M + E)V{r)}u{r) = [E 2 - M 2 )u{r). (34) 
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We consider the five-parameter exponential-type potential model, which is written in the form of [17] 

= Q| + g-f + 2aQ 2 Ql- q Ql-2aqQ 2 ggf - gg + «Q 3 ar 2Q 2 Q 3 - 2agQ 3 ar 
in e 2ar + Q (e 2ar + g) 2 e 2ar + g 6 (e 2ar + qf & ' 

(35) 

where the range of parameter (/is— l<(7<0org>0. Combining Eqs. (34), (35) leads to 



+ l \ m + A T^Tq 1 J^+qp 



(36) 



Q 3 Q2Q3 Q 

+ gQa e ^ +q — e ar + 2Q $^ Q3 e ar }u(r) = (£ 2 - m 2 )n(r). 



The corresponding superpotential is 

W (r, a n ) = ^-^ + + 9 93 e ar , (37) 

v ' 2a n 2q e 2ar + q e 2ar + q V ; 

where 

a n = Q2 + 2naq. (38) 

The remainder in Eq. (8) is given by 

r>t n _ r g (Q 2 + 2naq) 2 g (Q 2 + 2(n - l)qg) 2 

Kl nj l 2(Q 2 + 2na 9 ) 2g J + [ 2(Q 2 + 2(n - l)a 9 ) 2g J ' W 

For the case g = we have 

ryf >. r (Q2 + 2(n- l)aq) 2 (Q 2 + 2nag) 2 2 Q 2 

i?K) = [ — ] -[ — ] =a(l-2n)-a— , (40) 

which gives 

R(a n ) - i?(a n _i) = -2a 2 , (41) 

then by using Eq. (40) we have 

R(ao) = a(a - ^1). (42) 

We define the following operators 

K = ^R(a ), K± = ^B±, (43) 

Using Eqs. (41), (43) one can show that the shape invariant algebra for the five-parameter exponential- 
type potential model is su(l, 1) 

[K+,K-] = -2K Q , [K ,K^] = -K_, [K ,K + ]=K + (44) 



Discussion 
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By choosing appropriate parameters in the five-parameter model exponential-type potential one can 
construct seven typical potential [18, 19, 20, 21] 

Case:l. Vbtanh 2 (^) potential 

Choosing q = 1, a = jjj, g = 0, Q 3 = 0, and set 

Ql - 2aQ 2 = 4Vb, (45) 

then the five-parameter exponential- type potential becomes the Vbtanh 2 (|) potential with constant 
shift. 

V(r) = V t a nh 2 Q-V . (46) 



Case:2. Scarf II potential 

If q = 1, g = 0, and put 

Ql-Ql- 2aQ 2 = -A[B 2 - A(A + a)], (47) 
Q 2 Q3 + aQ 3 = ~2B(2A + a), (48) 

the potential (35) turns to the Scarf II potential 

V(r) = [B 2 - A(A + a)]sech 2 ar + B(2A + a)sechar tanh ar, (49) 

Case:3. Generalized Poschl- Teller 

Choosing q = —1, g = 0, and setting 

Q 2 2 + Q 2 3 + 2aQ 2 = 4[B 2 + A(A + a)], (50) 

Q 2 Q 3 + aQ 3 = -2B(2A + a), (51) 
the five-parameter exponential-type potential becomes the generalized poschl- Teller potential 

V(r) = [B 2 + A(A + a)]cosech 2 ar - B(2A + a)cosechar coth ar, (52) 
Case: 4. Poschl- Teller II potential 
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If we choose q = — 1, g = 0, a — > 2a and put 

Q 2 . + Q§ + 4qQ 2 = 8[A(A + a) + 5(5 - a)], (53) 

Q 2 Q 3 + 2aQ 3 = -4[A(A + a) - 5(5 - a)], (54) 
the five-parameter exponential-type potential turns to the poschl- Teller II potential potential 

V(r) = — A(A + a)sech 2 ar + 5(5 — a)cosech 2 ar, (55) 

Case:5. PT-symmetric version of the Scarf II. potential 

Choosing q = 1, g = 0, and letting 

Ql-Ql-2aQ 2 =W u (56) 

- aQ 3 = 2iV 2 , (57) 

the five-parameter exponential-type potential yields the PT-symmetric version of the Scarf II poten- 
tial 

V(r) = — Visech 2 ar — zV^sechar tanh ar, (58) 

Case: 6. Symmetrical double-well potential 

If we take q = 1, g = 0, Q3 = and set 

Ql - 2aQ 2 = 4(Vi + V 2 ), (59) 
Eq. (35) reduce to the standard symmetrical double- well potential with constant shift. [22] 

V(r) = Vi tanh 2 ar ^ V x . (60) 

cosh ar 

Case:!. Reflectionless-type potential 

If we define q = 1, a = 1, g = 0, Q3 = and put 

Q^-2aQ 2 = 2A(A + l), (61) 
Eq. (35) turns to the reflectionless-type potential 

V(r) = ~X(X + l)sech 2 r. (62) 



3.2 Harmonic Oscillator 

We take the scalar and vector potentials as follows: 

Vyr) = — r . 

Inserting these potentials into Eq. (34) we obtain 

d 2 

{-^2 + ( M + E)V r 2 }u(r) = {E 2 - M 2 )u{r). 

The superpotential is 

W(r, a n ) = a n r, 

where 

a 2 n = a 2 1 = (M + E)V . 

The remainder in Eq. (8) is given by 



R(a n ) = 2a n = 2^ ' (M + E)V 
Introducing the following operators 

K - R{ao) - T, K ± = - 1 

y/{M + E)V y/{M + E)V 

so, we have 

[K-,K+] = I, [K , K±\ = 0, [K±, K + K_] = T K±, 

where these commutation relations denote the Heisenberg-Wely algebra. 

3.3 Morse potential 

We consider scalar and vector exponential- type potentials written, respectively, as follows: 

S(r) = S e~ ar , V(r) = V e~ ar , 

substituting these potentials into Eq. (33) we have 

{-^ + (S 2 - V 2 )e- 2ar + 2(MS + EV )e~ ar }u(r) = [E 2 - M 2 )u{r). 
which is called Klein-Gordon-Morse potential [3]. The superpotential is 

W( ri a n ) = a n -^S 2 -V 2 e~ ar , 

where 

( ^ a , MSq + EVq 
o-n = 0,1 — [n — l)a, o-i = 



\Js$-v c 



The remainder is given by 



R(a n ) 



(2a n — a)a, 



(74) 



We introduce the following operators 



K = 



R{ao) 
2a 2 



a 



(75) 



where 



R(ao) 



2(MS + EV ) 



(76) 



From Eq. (75) one can obtain that the shape invariant algebra for morse potential in Klein-Gordon 
equation to be su(l, 1) algebra 



4 Conclusion 

In this paper, we have briefly recalled the concepts of shape invariance method and its algebra 
structure. The shape invariant algebras, in general, have infinite-dimensional and under condi- 
tions they become finite-dimensional. We have considered the three-dimensional s-wave relativistic 
Klein-Gordon equation with equal scalar and vector five-parameter exponential-type potential. This 
equation satisfied the Shape invariant condition, then we showed a large class of exponential-type 
potentials can be obtain by choosing the appropriate parameters in this potential. By using the 
shape invariant algebra we have shown that the Lie algebra of five-parameter exponential- type po- 
tentials is su(l, 1). Then we have considered the Harmonic oscillator potential and we found that 
this potential has the Heisenberg-Wely algebra. In the same process, we determined the Lie algebra 
structure of Morse potential with su(l, 1) algebra in the Klein-Gordon equation. 
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